Let D be a positive integer which is odd. In this paper we prove that the equation x2 -D = 2"+2 has at most three positive integer solutions (x, n) except when D = 22m -3 • 2m+1 + 1 , where m isa positive integer with m > 3 .
Introduction
Let Z, N, Q be the sets of integers, positive integers and rational numbers respectively. Let D £ N be odd, and let N(D) denote the number of solutions (x, n) of the generalized Ramanujan-Nagell equation (1) x2-D = 2n+2, x>0,n>0. with 2m+x\V for some m £ N, then U + VV2 = (3 + 2v/2)2"" for some t £ N.
Proof. Since 3 + 2\/2 is the fundamental solution of equation (2), we have U + VV2 = (3 + 2\/2> for some veN. Then we obtain Aj = «o by (11), and <3,+i = 2ao by (5). On the other hand, if üj+i = 2ao, since A; < Vd by (9), then we have kj = 1 by (5). Thus (ii) is proved.
By (ii), (iii) is clear. In addition, (iv) is Theorem 10.8.3 of [2] .
Let (A, Y) be a solution of equation (4) . Since k > 1 implies XY ^ 0, then (|A|, |7|) is a positive solution of equation (4) . By Lemma 4, |A|/|7| is a convergent of Vd since k < Vd. Hence |A|/|F| = P2r+iIQ2r+i (y > 0). Then there exists the integers a , i such that a > 0, 2\as, 2\i, and 0 < i < t, since k > 1 . By (iv), we have k¡ = k. It follows that (p¡, q¡) is a positive solution of equation (4) (17), ux+vxVd is the fundamental solution of equation (6). Such (Xx, Yx, Zx) is called the least solution of equation (17). Moreover, all solutions of equation (17) are given by
where t is an arbitrary positive integer, (u,v) is an arbitrary solution of equation (6). Proof. Let (A0, Yo,Zx) be a solution of equation (17) with Zx < Z . By Lemma 10, all solutions of equation (17) 
(í'-l)/2r/,.
(ff = 2°/,,a>0,2tf. 
I 2 -I (u + vVd).
Let (A', y, Z') be a solution of equation (17) with ZX\Z'. Then Z' = Zxt + Z0, where 1, Z0 € N satisfy Z0 < Zx . Let / = (A,, Yt), and let /' = (X', Y'). By Lemma 7, we have
Since 2 f //', we get /' s SI (mod 2Z',+2), where S e {-1, 1}. From (20),
There exists the integers X" , Y" such that
Since 2 \ X'Y', we get 2 f gcd(A", F"). From (21) and
we have X"2-dY"2 = 2z\
Since d = 1 (mod 8) implies Zo > 2, we see that (A", Y", Zn -2) is a solution of equation (17) Recalling that Z[ < Zx and equation (13) has no solution. It is impossible. Therefore t = 1 and (25) is proved. Finally, by such the same argument as in the proof of Lemma 11, we can prove that all solutions of equation (22) 
Notice that 2 \ dll'. We obtain from (28) that dxxXX' -8d22YY' = dx2XY' -Sd2xX'Y = 0 (mod 2m+2), whence we get (29) ¿1,AA'-cW22yy' = 2m+2A", í/12Ay'-r5í/21A'y = 2m+2y", where X", Y" £ Z. By (26) and (27), Proof. By Lemma 7, we have (44) (x,2z-«'-')/2)) = -2z|((f_1)/2) (mod 7)).
From (38) and (41), we get Since I3 > 12, we obtain On the other hand, since VD < 2mi, we have (58) «4<433+10Í^ <433 + 20m2 log 2
by Lemma 23. The combination of (57) and (58) yields m2 < 17 and D < 234 < 1012 , which is in contradiction with the assumption. Let 2\mxm2 and 3.6«ii > m2 . Since 2 | w2 + mx, we have 2 \ «4 , and equation (43) has three solutions (xj , 2z'((0-1)/2)) (j = 1,2, ... , 4). Let lj = (Xj, 2z>(('7-i)/2)) (; = 1, 2, 4). By Lemma 7, we obtain lx ± l2 . Furthermore, by Lemma 20, we have either /4 = lx or /4 = /2. By such the same argument as in the case that 2\mx and 2 \ «i2, we can prove U±l2. If U = lx, we have On the other hand, by Lemma 23, (62) «4 < 433 + 10^? < 433 + 20w2 < 433 + 12mx. log2
The combination of (61) and (62) yields mx < 13 and D < 22m* < 272w' < 296. On applying Lemma 23 again, we have Using the same method, we can prove the assertion for the case that 2 \ mx, 2\m2, and w2 < 3.6«i!.
Let 2 \ mx and m2 > 3.6mi . We obtain from (48) 
